Abstract. In this paper we give an easy proof of the General Neron Desingularization in the frame of regular morphisms between Artinian local rings and Noetherian local rings of dimension one.
Introduction
A ring morphism u : A → A ′ has geometrically regular fibers if for all prime ideals P ∈ Spec A and all finite field extensions K of the fraction field of A/P the ring K ⊗ A/P A ′ /P A ′ is regular. A flat morphism u is regular if its fibers are geometrically regular. A regular morphism of finite type is smooth and a localization of a smooth algebra is essentially smooth. ′ . This is a particular case of the General Neron Desingularization given in [4] , [8] , [5] , with a very difficult proof. An algorithmic proof is given in [3] for the case when A, A ′ are domains, and it is extended in [7] for arbitrary Noetherian local rings of dimension one.
Let (A, m) be a local Artinian ring, (A ′ , m ′ ) a Noetherian complete local ring of dimension one such that k = A/m ∼ = A ′ /m ′ , and u : A → A ′ be a regular morphism.
. . , Y n ). The purpose of this paper is to give an easy proof to the following theorem.
The proof is illustrated in Example 7.
Preliminaries
A ring morphism h : A → B is called quasi-smooth [8] if for any A-algebra D and an ideal I ⊂ D with I 2 = 0, any A-morphism B → D/I lifts to an A-morphism
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B → D. A finitely presented quasi-smooth morphism is smooth. Let u : A → B be a quasi smooth morphism and C an A-algebra. Then C ⊗ u is also quasi smooth which is known as the Base change property.
Let A be a DVR, x a local parameter of A, A ′ =Â its completion and
. . , f r ), r ≤ n is a system of polynomials from I then we consider an r × r-minor M of the Jacobian matrix (∂f i /∂Y j ). Let c ∈ N. Suppose that there exist an A-morphism v :
, where for simplicity we write v(NM) instead v(NM + I).
Theorem 2. [6]
There exists a B-algebra C which is smooth over A such that every This corollary follows also from the classical Néron desingularization [2] .
Theorem 4. [7]
Let u : A → A ′ be a regular morphism of one dimensional Noetherian local rings and B a finite type A-algebra. Suppose that A contains its residue field. Then any A-morphism v :
Proof of Theorem 1 when A = k
Then A ′ is a complete DVR and has the form
Then u 1 is flat because A 1 is principal and A ′ has no A-torsion. The fraction field extension induced by u 1 is separable and A ′ is the completion of A 1 . It follows that u 1 is regular because A 1 is excellent (see e.g. [1] ). Let be as above, B a k-algebra of finite type, and v :
Lemma 5. Suppose that v 1 factors through a smooth A 1 -algebraC then v factors through a smooth A-algebra C.
Proof.
. . , Y n ) and v 1 can be factored through a smooth A 1 -algebraC, we get the following the commutative diagram: (f 1 , . . . , f r ) ) M,h , thenC is a localization of E with respect to all g ∈ k[x] \ (x). ThusC is the filtered inductive limit of E g , g ∈ k[x] \ (x). Let ϕ g : E g →C be the limit maps.
We claim that α = βγ factors through a certain E g . Indeed, let α(Ŷ i ) = q i /g i for some q i ∈ E and g i ∈ k[x] \ (x). Then α factors through E g for g = 
. We have the following commutative diagram.
Applying the Proposition 6, we see that v 1 factors through a smooth k-algebraC. Then A ⊗ kv1 factors through C = A ⊗ kC and so v factors through C. Take 
